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Abstract. This paper considers the problem of optimal assignment of slack due-dates to n jobs 
and sequencing them on a single-machine to minimize a penalty function depending on the 
values of the assigned slack allowance and maximum job tardiness. It is shown that the earliest 
due-date order yields an optimal sequence and the optimal slack allowance is a simple function 
of the cost per unit slack allowance. 
INTRODUCTION 
In recent years there has been a growing interest in research on due-date assignment and 
scheduling. This is evident from the large quantity of papers published on this topic in 
the literature. An extensive survey of scheduling research involving the due-date assign- 
ment decision has been presented by Cheng and Gupta (1989). The popularity of due-date 
scheduling research can be attributed to the theoretical challenge posed by the scheduling 
problems and the necessity of assigning accurate due-dates and scheduling jobs to meet the 
assigned due-dates in real situations. 
PROBLEM FORMULATION 
Let N = {1,2, . . . . n} be a set of n independent jobs simultaneously available to be pro- 
cessed on a single machine under the common assumptions listed in Baker (1974). Job i 
has pi processing time and is assigned a due-date di according to the common slack due- 
date assignment method (SLK). Thus di = pi + k,Vi E N, where k is a slack allowance 
common among the jobs. While SLK is a reasonable method of assigning due-dates, rela- 
tively little research has been undertaken to study it as compared with the widely studied 
total-work-content (TWK) rule (Baker and Scudder, 1988 and Cheng and Gupta, 1989). 
Let ?r be the permutation set of the n jobs and u be an arbitrary job sequence, i.e. u E 7r. 
Also let the subscript [i] denote the job in position i in 6, then Clil and Tlil = (Clil - dlil)+ 
are respectively completion time and tardiness of the job in position i of b. The problem is 
to find an optimal job sequence u* and an optimal slack allowance k’ that jointly minimize 
a penalty function given by 
z(u, 6) = a+  $yn qi1 -- 
where (Y 2 0 is the cost per unit time of slack allowance. 
While the penalty function I(U, k) looks simple, it is practically relevant in real situations 
because it usually costs more, both tangibly and intagibly, to ask customers to wait longer as 
customers in general are impatient. In additon, according to a survey of production schedul- 
ing practitioners conducted by Panwalkar and Islander (1977), the performance measures 
reported to be the most widely used for production scheduling in actual practice are those 
related to tardiness values. 
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OPTIMAL JOB SEQUENCE 
We now present and prove a theorem which enables us to find an optimal job sequence to 
the penalty function z(u, k). 
THEOREM 1. Given an arbitrary n/l// maxi 7(Ci - di) scheduling problem, where y is a 
nondecreasing function, there exists an optimal job sequence in which the jobs are in the 
earliest due-date (EDD) order. 
Proof: For a given n/l//maxi 7(Ci - di) scheduling problem, let the minimal penalty be 
7,,, = minoslr maxi 7(Ci - di). Let u be an optimal sequence which is not in the EDD order. 
Then there exist a pair of adjacent jobs j and k such that j precedes k and dj 2 dk. Since 
d is optimal, both 7(Cj - dj) 5 ^/m and 7(Ck - dk) 5 ^/m. Let u’ be an alternative sequence 
obtained by interchanging the positions of jobs i and j while keeping the other jobs in the 
same positions as in b. It is clear that job k will be completed earlier under cr’ at Cj -pj +pk. 
Since 7 is a nondecreasing function and Ck = Cj +pk, the penalty incurred by job k under u’ 
is7(Cj-pj+pk-db)I7(Ck-dk)I7,. On the other hand, job j will be completed later 
under u’ at Ck which increases its penalty. But since dj 2 dk, y(Ck -dj) < y(Ck -dk) 5 7,,,. 
Consequently, interchanging jobs i and j will yield penalties no greater then 7,,,. Since u is 
optimal and so is u’. This pairwise job interchange procedure can be applied repeatedly to 
u until an EDD sequence is obtained and this completes the proof. 
It is interesting to note that an indirect proof of the above theorem can also be obtained by 
an iterative use of Lawler’s theorem (1973) which deals with a more general nondecreasing 
penalty function 7i(Ci) of job completion times. 
COROLLARY 1. For any given k, P(U, k) is minimized by sequencing jobs in nondecreasing 
order of due-dates. 
Proof: Letting 7(Ci - di) = crk + (Ci - di)+ in Theorem 1,the result follows immediately. 
OPTIMAL SLACK ALLOWANCE 
To find the optimal slack allowance to the penalty function Z(U, k), we only need to 
consider the EDD sequence since according to Corollary 1 EDD is optimal to z(u, k) for 
any given k. Let the jobs be renumbered according to the EDD order, i.e. i 5 j iff di < 
dj,Vi,jcN. Since di = pi + k and z = (Ci - di)+ = (Ci-1 - k)+ with Cc _ 0, it follows 
that Ti 5 q iff i < j. Thus the maximal penalty is maxicN Ti = T,, = (C&-l- k)+ and the 
penalty function (1) is given by 
z(EDD, k) = cuk + (&_I - k)+ = {(a - l)k + G-i}+ (2) 
It is easy to see from (2) that z(EDD, k) can be minimized by assigning the optimal slack 
allowance k’ as follows: 
k’ = 
0 ifa>l 
a:E(--00, oo) ifcr=l yielding z(EDD, k’) = 
yE (*,ce) ifO<cr<l { 
c,-1 
G-1 
0 
CONCLUSION 
We have considered the problem of assigning optimal slack due-dates to n jobs and se- 
quencing them on a single-machine. The objective is to find the joint optimal sequence and 
slack allowance to minimize a general penalty function. We have shown that arranging jobs 
in the EDD order yields an optimal sequence. We have also shown that the optimal slack 
allowance is a simple function of the cost per unit slack allowance. 
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